The centralizer of an element in an endomorphism ring 
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Abstract. We prove that the centralizer C Homfl(M, M) of a nilpotent 
endomorphism i/> of a finitely generated semisimple left ij-module rM (over 
an arbitrary ring R) is the homomorphic image of the opposite of a certain 
Z(i?)-subalgebra of the full rnxm matrix algebra Mmxm.{Rlt]), where m is the 
dimension (composition length) of ker((/3). If R is a finite dimensional division 
ring over its central subfield Z{R) and ip is nilpotent, then we give an upper 
bound for the Z(iJ)-dimension of Cip. If is a local ring, ip is nilpotent and 
a GHom^j (M,M) is arbitrary, then we provide a complete description of the 
containment Cp C Ca in terms of an appropriate _R-generating set of rM. 
For an arbitrary (not necessarily nilpotent) linear map ip GHom/f(y, V) of a 
finite dimensional vector space V over an algebraically closed field K we prove 
that Cip is the homomorphic image of a direct product of p factors such that 
for each 1 < i < p the i-th factor is a /C-subalgebra of MmiXmi{K[t]) with 
mi = dim(ker(93 — Xily)) and {Ai, A2, . . . , Ap} is the set of all eigenvalues of 
ip. As a consequence, we obtain that Cp satisfies all polynomial identities of 
Mmym.{K[t]), where m is the maximum of the mi's. 



1. INTRODUCTION 

Our work was motivated by one of the classical subjects of advanced linear 
algebra. A detailed study of commuting matrices can be found in many of the text 
books on linear algebra ([5,6]). Commuting pairs and fc-tuples of n x n matrices 
have been continuously in the focus of research (see, for example, [2,3,4]). If we 
replace n x n matrices by endomorphisms of an n-generated module, we get a 
more general situation. The aim of the present paper is to investigate the size and 
the PI properties of the centralizer of an element ip in the endomorphism ring 
Roraji{M,M). 

In the case of a finitely generated semisimple left i?-module fjM (over an arbi- 
trary ring R) we obtain results about the centralizer of a nilpotent endomorphism 
ip. First we prove that C^p is the homomorphic image of the opposite of a certain 
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Z(ii)-subalgebra of the full m x m matrix algebra Mmxm{R[t]) over the polyno- 
mial ring R[t], where m is the dimension (composition length) of ker((^). As a 
consequence, we obtain that C,^ satisfies all polynomial identities of M!^^^{R[t]); 
in particular, if R is commutative, then the standard identity S2m = of degree 
2m holds in C^. The authors do not know similar results in the literature. 

Then we exhibit the centralizer Cy, of a nilpotent </? as a homomorphic image 
of the intersection of some md-generated i?-submodule of MmxmiR[t]) and of the 
above mentioned Z(i?)-subalgebra, where d is the dimension (composition length) 
of rM. If i? is a finite dimensional division ring over its central subfield Z{R), then 
we can use this homomorphic image representation to derive a "sharp" upper bound 
for the Z(i?)-dimension of C^. For an arbitrary (not ncc;ossarily nilpotent) linear 
map of a finite dimensional vector space, or equivalently for a matrix A € Mnxn{K) 
over an algebraically closed field K, the dimension of Ca is well known (see [5,6]). 
A multiplicative {K vector space) base of Ca was constructed in [4] . 

If (p : M — »■ M is a so called indecomposable nilpotent i?-cndomorphism, then 
we give a complete description of C,^ in terms of an appropriate i?-generating set 
of rM. In particular, if R is commutative, then we prove that ip € holds if and 
only if ^ is a polynomial of (f. A nilpotent linear map (over an algebraically closed 
field) is indecomposable if and only if its characteristic polynomial coincides with 
the minimal polynomial. The following is a classical result about the centralizer 
(see [5] part VII, section 39). If K is an algebraically closed field and the charac- 
teristic polynomial of a (not necessarily nilpotent) A G Mnxn{K) coincides with 
the minimal polynomial, then 

Ca = {f{A) I m G K[t]}. 

For an indecomposable nilpotent (p our description of C^ is a generalization of the 
above result. We note that the above result on Ca is similar to Bergman's Theorem 
([!]) about the centralizer of a non-constant polynomial in the free associative 
algebra. 

The containment relation C^ C C^ is also considered. If i? is a local ring, ip is 
nilpotent and a G Homfl(M, M) is arbitrary, then we provide a complete description 
of the situation C^ C Ca- in terms of an appropriate i?-generating set of rM. For 
two (not necessarily nilpotent) matrices A,B£ Mnxn{K), over an algebraically 
closed field K, the containment Ca ^ Cb holds if and only if B = f{A) for some 
f{t) £ K[t\ (see [5] part VII, section 39). For a nilpotent (p our description of 
C^ C is a generalization of the above result. 

In the case of a finite dimensional vector space V over an algebraically closed 
field K we obtain results about the centralizer of an arbitrary (not necessarily 
nilpotent) linear map (p € ilomK{V,V). We prove that C^ is the homomorphic 
image of a direct product of p factors such that for each 1 < i < p the i-th factor 
is a ii'-subalgebra of Mmixmi{K[t\), where 

rrii = dim(ker(<^ — A^ly)) 

and {Ai, A2, . . . , Ap} is the set of all eigenvalues of p. As a consequence, we obtain 
that C^ satisfies all polynomial identities of Mmxm{K[t]), where m is the maximum 
of the mi's. The following related results can be found in [4,6]. The centralizer K- 
algebra Ca of a matrix A £ Mnxn{K) (over an algebraically closed field K) is 
isomorphic to the direct product of the centralizers Ca^, where Ai denotes the 
block diagonal matrix consisting of all Jordan blocks of A having eigenvalue Aj in 
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the diagonal. The number of the diagonal blocks in At is rrn = dim(ker(A — ^il)) 
and the size of A; is di x di, where di is the multiplicity of the root Xi in the 
characteristic polynomial of A. For a matrix X G Md^xdiiK) we have X G C^^ if 
and only if X = [Xk,i] is an nii x rrii matrix of blocks, where Xk,i is an arbitrary 
triangularly striped matrix block of size Sj(fc) x Si{l) and Si(k) denotes the size of 
the A:-th elementary Jordan block in Aj for 1 < fc < mi. We note that diin{C Ai) = 
Si(l) + 3si(2) + • • • + (2mi — l)si{mi) provided that Si(l) > Si(2) > • • • > Si{mi). 
It seems that we cannot use the striped block structure of the elements of Ca^ to 
derive the above mentioned PI properties of Ca (— C^), only the much weaker 
statement that (or Ca) satisfies all polynomial identities of Mdxd{K) follows 
{d is the maximum of the di's and di = .s,;(l) + Si{2) + ■ ■ ■ + Si{mi)). The above 
consideration confirms that the use of the polynomial ring K[t] is an essential 
ingredient of our treatment. 

Since all known results about centralizers are in close connection with the 
Jordan normal base, it is not surprising that our development depends on the 
existence of the (nilpotent) Jordan normal base of a semisimple module with respect 
to a given nilpotent endomorphism (guaranteed by one of the main theorems of 
[7]). Using an endomorphism of rM, a natural i?[t]-module structure on M can 
be defined. Almost all of our proofs are based on calculations using this induced 
module structure. In the proof of the last theorem we use the Fitting Lemma. 

2. THE NILPOTENT JORDAN NORMAL BASE 

Throughout the paper a ring R means a (not necessarily commutative) ring with 
identity, Z{R) and J{R) denote the centre and the Jacobson radical of R, respec- 
tively. Let (fi : M — > M be an i?-endomorphism of the (unitary) left i?-module 
rM. a subset 

{xj,i I 7 e F, 1 < i < fc-y} C M 
is called a nilpotent Jordan normal base of rM with respect to (f if each R- 
submodule Rx^^i < M is simple, 

© Rx^ i = M 
ier,i<i<ky 

is a direct sum, ip{x^^i) = -T-^-.i+i , ip{x^f,k-,) = a;7,fe-,+i = for all 7 G F, 1 < i < k-^,, 
and the set {/c-y | 7 G F} of integers is bounded. For i > fc^ + 1 we assume that 
x-y^i = holds in M. Now F is called the set of (Jordan-) blocks and the size of the 
block 7 G F is the integer k-^, > 1. Obviously, the existence of a nilpotent Jordan 
normal base implies that rM is semisimple and (p is nilpotent with (p" = 7^ y'""^, 
where 

n = maxjfc^ | 7 G F} 
is the index of nilpotency. If rM is finitely generated, then 

'^kj = dimfl(M) 

is the dimension of rM (equivalently: the composition length of rM or the height 
of the submodule lattice of rM). Clearly, 

(p{M) = (p\ ^ Rx^^i = ^ R'p{x■y,^) = ^ Rx^,i+l 
\7er,i<i<fe^ / 7er,i<i<fe^ 7er,i<i<fe^-i 



4 



JENO SZIGETI AND LEON VAN WYK 



implies that 



7er,i<i<fe,-i 7er',2<i'<fe^ 



where 

r' = {7 e r I fc^ > 2} and r \ r' = {7 e r I A;^ = 1}. 

Any element u & M can be written as 

7er,i<i<fe, 

where {(7,*) | 7 £ T, 1 < i < fc^, and a-y^j ^ 0} is finite and all summands a^^iX^^i 
are uniquely determined by u. Since 

ip{u) = ^ a7,iV'(a^7,i) = ^ a7,ia;T,,i+i = 

7er,i<i<fe^ 7er4<i<fc^ 

is equivalent to the condition that a^^iX-y^i+i = for all 7 G F, 1 < i < A:^ — 1, we 
obtain that 

ip{u) = <;=^ u = y^a'y,k-,Xj,k^. 

Indeed, 7^ (1 < i < fc-^ — 1) would imply that &a^, for some 

6 e -R (note that iia;-y,i < M is simple), whence 

Xj^i+i = ip{xj^i) = baj^iip{xj^i) = baj^iXj^i+i = 

can be derived, a contradiction. It follows that 

ker((^) = © Rx^^ky 
7er 

and dimi{(ker((/3)) = |r| in case of a finite F. The following is one of the main 
results in [7]. 

2.1. Theorem. Let : M — > M be an R-endomorphism of the left R-module 

rM . Then the following are equivalent. 

(1) rM is a semisimple left R-module and ip is nilpotent. 

(2) There exists a nilpotent Jordan normal base of rM with respect to ip. 



2. 2. Proposition. Let (f : M — > M he a, nilpotent R-endomorphism of the finitely 
generated semisimple left R-module rM . If {x^^i | 7 G F, 1 < i < fc^} and 
{ys,j \ 5 € A,l < j < Is} are nilpotent Jordan normal bases of rM with respect 

to ip, then there exists a, bisection tt : F > A such that k^^ = ^7r(7) for all 7 G F. 

Thus the sizes of the blocks of a nilpotent Jordan normal base are unique up to a 
permutation of the blocks. 

Proof. We apply induction on the index of the nilpotency of if. If ip = 0, then we 
have k.y = Is = 1 for all 7 e F, ^ e A, and 

© Rx-yA = © RysA = M 

7Gr 56A 

implies the existence of a bijection n : F — > A (KruU-Schmidt, Kuros-Ore). As- 
sume that our statement holds for any ii-endomorphism (j) : N — > N with rN 
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being a finitely generated semisimple left i?-module and 0" ^ 7^ = 0" ^. Con- 
sider the situation described in the proposition with ip"~^ ^0 = 1^", then 

ini(<^) = © Rx^ i' 

7er',2<i'<fc^ 

ensures that 

1 7 e r',2 < j' < k^} 

is a nilpotcnt Jordan normal base of the left i?-submodule im{ip) < M of nM with 
respect to the restricted i?-endomorphism (f : im{ip) — > im((yj). The same holds 
for 

{y6,j'\S€A',2<j'<k}. 

Since we have c/)"""^ ^ = for (f) = (p \ im{(p), our assumption ensures the 

existence of a bijection tt : F' — > A' such that /c-y — 1 = ^^(-y) — 1 for all 7 € T'. In 
view of 

ker((^) = e Rx^u = © ;^ 

we obtain that |r| = |A| (Krull-Schmidt, Kuros-Ore), whence |r\r'| = |A\ A'| 
follows. Thus we have a bijection tt* : F \ F' — > A \ A' and the natural map 

TT U TT* : F' U (F \ F') — ^ A' U (A \ A') 

is a bijection with the desired property.D 

Wo call a nilpotent element s G S oi the ring S decomposable if es = se holds for 
some idempotent element e G S {e'^ = e) with ^ e ^ 1. A nilpotent element 
which is not decomposable is called indecomposable. 

2. 3. Proposition. Let (p : M — > M be a nonzero nilpotent R-endomorphism of 
the semisimple left R-module rM. Then the following are equivalent. 

(1) There is a nilpotent Jordan normal base {xi \ 1 < i < n} of rM with 

respect to Lp consisting of one block (thus |F| = 1 for any nilpotent Jordan 
normal base {x-y^i | 7 € F, 1 < i < A;^} of rM with respect to ip). 

(2) if is an indecomposable nilpotent element of the ring Homfl (M,M). 

(3) rM is finitely generated and ip'^~^ 7^ 0, where d = dimR{M) is the di- 
mension of rM. 

Proof. 

(1)^(3): Clearly, 

© Rxi = M 

l<i<n 

implies that we have d = n for the dimension of _rM, whence 
follows. 

(3)=>(1): Let {x^^i | 7 € F, 1 < i < k^} be a Jordan normal base of rM with 
respect to ip. Suppose that |F| > 2, then 

n = max{fc-y 1 7 £ F} < d — 1, 

where d= J^k-y = diniR^M). Thus i^"^"^ = i^(<*-i)-" o i^" = 0, a contradiction. 
7er 
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(1) =>(2): Suppose that e o {p = ip o e holds for some idempotent endomorphism 
e eHomij(M, M) with 7^ £ 7^ 1. Then 

ini(e) e im(l - e) = M 

for the non-zero (semisimple) i?-submodulcs im(£) and im(l — e) of rM . Now 
e o = if o e ensures that </? :im(£) — > im(£) and Lp :im(l — e) — > im(l — e). 
Since these restricted iZ-endomorphisms are nilpotent, we have a nilpotent Jordan 
normal base of im(e) with respect to (p \ m\{£) and a nilpotent Jordan normal base 
of im(l — e) with respect to ip \ im(l — e). The union of these two bases gives a 
nilpotent Jordan normal base of M with respect to ip consisting of more than one 
block, a contradiction (the direct sum property of the new base is a consequence of 
the modularity of the submodule lattice of rM). 

(2) ^>(1): Suppose that {x^^i | 7 G F, 1 < i < k^} is a nilpotent Jordan normal 
base of rM with respect to ip with |r| > 2 and fix an element 5 G F. Consider the 
non-zero (/^-invariant i?-submodules 

N's= © Rxs i and N'/ = ® Rx^ , , 

l<i<ks 7er\{5},l<i<fe^ 

then M — Ng (B Ng and define es '■ M — > M as the natural projection of M onto 
A^^. Then £5{u) = u' , where u = v! + u" is the unique sum presentation of u £ M 
with u' e N'g and u" € A^^' . It is straightforward to see that £5 oe^ = £5, 7^ 7^ 1 
and £s o ip = (fi o eg hold.D 

3. THE MODULE STRUCTURE INDUCED BY AN ENDOMORPHISM 

Let R[t] denote the ring of polynomials of the commuting indeterminate t with 
coefficients in R. The ideal {t'') = R[t]t'' = t''R[t] < R[t] generated by t'' will be 
considered in the sequel, li (p : M — > M is an arbitrary iZ-endomorphism of the 
left i?-module rM, then for m £ M and 

f{t) = ai + flat H h a„+ir € R[t\ 

(unusual use of indices!) the left multiplication 

f{t) * u = aiu + a2(p{u) + h a„+i</?"(u) 

defines a natural left i?[f]-module structure on M. This left action of R[t] on M 
extends the left action of R. The proof of 

g{t)*{f{t)*u) = {git)f{t))*u 

is straightforward. Note that 

*u = ip^iu) and ip{f{t) *u) = {tf{t)) * u. 

If ip'^ (u) = for some 1 < fc < n, then 

/(t)*„ = /W(f)*„, 

where 

/(fc)(t) = ai + + • • • + akt^-^ G R[t] 

is the fc-cut of f{t). For any i?-endomorphism ^ G Homij(M, M) with \j;oip = ipoip 
we have 
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and hence ip : M — > M is an i?[<]-endomorphism of the left i?[f]-module R[t\M. 
On the other hand, if ip : M — > M is an i?[<;]-endoniorphisni of R[t]M, then 

il){ip{u)) = ip{t *u) =t* il>{u) = (fi{ll){u)) 
imphes that tp o (p = (p o i/j. The centraUzer 

= {ip \ tp e Homi{(M, M) and ip o tp = ip o tp} 
of is a Z(i?)-subalgebra of Hom/{(M, M) and the argument above gives that 

C^='HomR[t]{M,M). 

For a set r 7^ 0, the F-copower of the ring R[t] is an ideal of the F- 

direct power ring JJ-R[t] consisting of all elements f = {fj{t))^^r with a finite set 

{7 G r I ,f^ {t) 0} of non-zero coordinates. The power (copower) has a natural 
i?[f])-bimodule structure. If F is finite, then 

If {xj^i I 7 G F, 1 < i < k^} is a nilpotent Jordan normal base of rM with respect 
to a nilpotent endomorphism (p, then for an element f = {f^{t))j^r with 

the formula 

$(f) = ^ a^^iXj^i = ^fj{t) *Xj^i 
'rer,i<i<ky -yer 

defines a function 

$ : ]jR[t] — > M. 

7er 

In Section 4 we shall make use of 

m = J2f^'-'\t)*x,,^ = <^>{&^), 

where fj'''^\t) is the fc-y-cut of f^{t) and f^'^^ = {fj'''^\t))-y^r (also an element of the 
copower) is the cut of f with respect to the given nilpotent Jordan normal base. 

3.1. Theorem. For a nilpotent endomorphism ip GHomi{(M, M) the function $ is 

a surjective left R[t]-hom,omorphism. We have (p{^{f)) = ^{tf) for all f G J J J?[^] 

7er 

and the kernel 

l[j{Rm + it''-) C ker($) Y[R[t] 

7er 76r 

is a left ideal of the power ( and hence of the copower) ring. 
Proof. Clearly, 

^ Rx^^i = M 

'yer,l<i<k~, 
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implies that $ is surjective. The second part of the defining formula gives that $ 
is a left i?[t]-homomorphism: 

= J2i9(t)fjit)) * 2^7,1 = J29{t) * * = 9{t) * $(f), 

7er 7er 

where g{t) G R[t]. Wc also have 

(^($(f)) = Y,'PiMt)*x,,,) = Y,{tm)*xiA = m)- 

7er 7er 

If f e \]_J{R)[t\ + (t^-'), then 
7er 

f^{t) = (a^,i + a^,2t + • • • + a^.fe^t'^-^-^) + {a^,k^+it'''^ +■■■ + a^,„^+ii"^) 

with a~f_i G J{R), 1 < i < ^7- Since Rx-yj is simple, wc have J{R)x^^i = {0}. 
Thus = implies that /^(f) *a;^,i = 0, whence <l>(f) = follows. Take an 

element g = {g^{t))-y^T of the direct power and suppose that $(f) = in M. Then 

© Rx^ i = M 

implies that a-y^iX^^i = for all 7 G F and 1 < z < fc-^. Thus fj(t) * x^^i = for all 
7 e r. It follows that 

*(gf) = J2^9-y{t)f-y{t)) * a;^,i = J^Sii*) * (AW * 2:7,1) = 0, 
7Gr 7er 

whence gf G ker($) can be deduced. □ 

If i? is a local ring (R/ J{R) is a division ring) and a^^iX-y^i = for some 1 <i < kj, 
then aj,i G J{R). Thus <l)(f) = imphcs that 

fj{t) = {a^,i+a^,2t+- ■ ■+a^,k^t''-'-^)+{a^,k^+it''-'+- ■ •+a^,„^+ir^) G J{R)[t]+{t''^). 

It follows that for local rings we have 

ker(c3>) = [J J(i?)M + (*'=-). 
7er 

4. THE CENTRALIZER OF A NILPOTENT ENDOMORPHISM 

Let {x~f^i I 7 G r, 1 < i < m be a nilpotent Jordan normal base of rM with 
respect to the nilpotent endomorphism (p G Homij (M,M). We keep the notations 
of the previous section and in the rest of the paper we assume that rM is finitely 
generated, i.e. that T is finite. 

A linear order on F (say F = {1,2, ... ,m}) allows us to view an element f = 

{fj{t))j(zr of {R[t])^ as a 1 X F matrix (a row vector) over R[t]. For a F x F matrix 
P = [P5,7(t)] in Mrxr{R[t]) the matrix product 

Ser 

of f and P is a 1 X F matrix (row vector) in {R[t])^, where ps = {ps,'y{t))-y^r is the 
5-th row vector of P and 
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Using the homomorphism $ : — > M introduced in Section 3, we define the 
subset 

M{^) = {P e Mrxr(i?M) | fP G ker($) for all f e ker($)}. 
If i? is a local ring, then we can determine M.{^). Let G ker $ be the vector with 

t^'' in its 5-coordinate and zeros in all other places. If P G A^($), then e^P € ker $ 
implies that t^^ps_^{t) e J{R)\t\ + {t^i). Thus for local rings wc have 

A^($) = {PGMrxr(i?M)|P = [p5,7(i)] and t^'p5,^{t)(^J{R)[t]Mt^-') for all (5,7er} 

and E^^^ e M{<^) for all (5, 7 e F with ks > kj (where E^,^ denotes the T xT 
standard matrix unit over R[t] with 1 in the ((5, 7) entry and zeros in the other 
entries). 

4.1. Lemma. M{^) is a Z{R)-suhalgehra of Mrxr(-R[i])- For P G M{<^) and 

f = {f^itfj^^r in {R\t\Y the formula 

V'p($(f)) = $(fP) 

properly defines an R-endomorphism ipp : M — »• M of rM such that tjjp o (p = 
if 01pp. The assignment P 1 — > '^p is a 

homomorphism of Z{R)- algebras. 

Proof. For P, Q G M{^), f G ker($) and c G Z{R) we have 

4>(f (cP)) = $(c(fP)) = c$(fP) = 0, 
$(f (P + Q)) = $(fP + fQ) = $(fP) + $(fQ) = 
and fP G ker($) implies that 

$(f(PQ)) = c|>((fP)Q) = 0, 

whence f(PQ) G kcr($) follows. Thus cP,P + Q,PQ G M{^). 
Let g G iR[t])^- If $(f) = $(g), then f-g G ker($) implies that (f-g)P G ker($), 
whence $(fP) = $(gP) follows. Since $ is surjective, it follows that Vp is well 
defined. It is straightforward to check that 

M'^if) + *(g)) = V'p(*(f)) + V'p(*(g)) and V'p(r$(f)) = r^jpi^f)) 

for all f,g G {R[t]f and r G R. Thus ipp is an i?-endomorphism. In view of 

^p(^($(f)) = ^p(t * $(f)) = ^p($(if)) = $((if)P) = 

= $(i(fP)) = t * $(fP) = t * Vp(*(f)) = <^(Vp(*(f))), 
the surjectivity of $ gives that tpp o = ip o tpp . Clearly, 

V'cP = cipp , V'P+Q = "^p + '/'Q and f/ipQ '(/'Q o V-Jp 

ensure that P 1 — > Vp is a homomorphism of Z(i?)-algebras. We deal only with the 
last identity: 

V;pQ($(f)) = $(f(PQ)) = $((fP)Q) = V'QC^CfP)) = ^QiMm) 

proves our claim. □ 

4. 2. Lemma. The R-submodule 

V(fc^,7 G F) = {PeMrxr(iiM)|P = [P5,7(*)]and deg{ps,^{t))<k^ -lforall(5,7GF} 
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of Mrxr{R[t\) is R-generated by the set {t^'Es^^ | (5, 7 G F and < i < fc^ — 1} of 
matrices: 

s,-/er,o<i<k^-i 

Proof. If P = [ps^-yit)] and P G V(fc^,7 G T), then 

5,7er (5,7er,o<i<ft^-i 
where deg(pi,-y(t)) < fc^ — 1 and 

4. 3. Lemma. Ifijjo(p = (poTp holds for an R-endomorphism '• M — > M of 
rM, then there exists a F x F matrix P G M.{^) fl V{k^,^ G F) 5mc/i that 

^($(f)) = $(fP) 

/or all f = {f^{t))jeT in {R[t]f. 

Proof. Since $ : {R[t])^ — > M is surjective, for each 5 €T we can find an element 

PS = (P5,7(i))7Gr in such that ^(ps) = i>{xs,i)- We have ^{Ps"^) = ip{xs,i), 

where p^'^^ = {Ps'^^\t))^f(zY is the cut of with respect to the given nilpotent 

(k ) 

Jordan normal base. The F x F matrix P = \pg^ {t)] consisting of the row vectors 
p^''^ (5 G F, is in V(A:^,7 G F) and 

^($(f)) = * xsa) = E/^W * ^(^^.i) = E/^ W * ^(Pi'^) = 

5eT 5er ser 

= ^ci,(/,(f)pW) = $(5^/,(f)pW) = $(fP) 
ser ser 
for all f G iR[t])^. Since f G ker($) implies that $(fP) = V'(^'(f)) = 0, we obtain 
that P G Mi^)n 

4.4. Theorem. Let ip : M — > M be a nilpotent R-endomorphism of the finitely 
generated semisim,ple left R-module nM . Then the centralizer (as a Z(R)- 
subalgebra, of Hom/? (Af, A'/) j is the homomorphic image of the opposite of some 
Z{R)-subalgebra of the matrix algebra MmKm{R[t\), where m = dimij(ker((^)). 

Proof. Lemma 4.1 ensures that P 1 — > "^p is a 

homomorphism of .Z(i?)-algebras. Since our assignment is surjective by Lemma 
4.3, wc obtain that is the homomorphic image of where is a 

Z(i?)-subalgebra of Mrxr(-R[i])- To conclude the proof it is enough to note that 

m = dim7^,(kcr((/3)) = |F|.n 

4. 5. Corollary. Let ip : M — > M be a nilpotent R-endomorphism of the finitely 
generated semisimple left R-module rM. Then satisfies all of the polynomial 

identities (with coefficients in Z(R)) of M^y,^{R[t]). If R is commutative, then 
dp satisfies the standard identity S^m = of degree 2m by the Amitsur-Levitzki 
theorem. 
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4. 6. Theorem. Let ip : M — > M be a nilpotent R-endomorphism of the finitely 
generated semisimple left R-module rM . Then the centralizer Cip (as a Z{R)- 
submodule of HomH(M, M)^ is the homomorphic image of some Z{R)-suhmodule 
of a certain md-generated R-submodule of Mmxm{R[t]), where d = dimfl(M) and 
m = dimi{(ker((p)). 

Proof. Lemma 4.1 and 4.3 ensure that P i — > Vp is a surjective 

Al($)nv(/e^,7er) 

homomorphism of Z(i?)-modules, where M{^)riV{k^,-f G F) is a Z(i?)-submodule 
of the left i?-submodule V{k^,j € F) of Mrxr{R[t])- Using Lemma 4.2, we obtain 
that V(A;^,7 G F) is i?-generated by the set {t^E^^^ | (5, 7 G F and < i < kj — 1} 
having 

|F| • ^kj = md 

elements. □ 

4. 7. Corollary. Let 9? : M — > M he a nilpotent D -linear map of the finite dimen- 
sional left vector space dM over a division ring D. Lf D is finite dimensional over 
its central subfield K — Z{D), then is a K-subspace of Hom£)(M, M) and 

A\uiK{Gip) < dimxiD) ■ dimi)(kcr((p)) ■ dim£)(Af). 

Remark. If £> = if is an algebraically closed field and all Jordan blocks of the 
nilpotent linear map (p GHom/f (M,M) (of the finite dimensional A'- vector space 
M) are of the same size s x s, then we can use the formula for dim(CAj) in Section 
1 to see that the upper bound in the above Corollary 4.7 is sharp: 

dim/f (C,^) = rn^s = md = dimx(ker(i^)) • diniKiM). 

4. 8. Theorem. // rM is semisimple and ip : M — > M is an indecomposable 
nilpotent element of the ring }iom.R(M,M), then the following are equivalent. 

(1) ^eC^. 

(2) We can find an R-generating set {yj GM\l<j<d}of rM and 
elements ai, 02, . . . , a„ in R such that 

aiVj + a2(p{yj) H h an^p^^^iyj) = ip{yj) 

and 

aMyj) + a2</'(</'(%)) + • • • + anip"-'^{ip{yj)) = ^{ipiyj)) 
for all 1 < j < d. 

Proof. 

(1)=>(2): Obviously, if tp G then the first identity implies the second one. 
Proposition 2.3 ensures the existence of a nilpotent Jordan normal base {xi \ 1 < 
i < n} of rM with respect to ip consisting of one block. Clearly, © Rxi = M 

l<i<n 

implies that 

ip{xi) = aiXi + 02X2 H h a„x„ = aiXi + a2ip{xi) H h an>p"'^{xi) 

for some ai, 02, • • • , S R. Thus 

il>{xi) = V'(v'"^(a;i)) = <p>'~'^{il>{xi)) = v?'"^(aia;i + a2ip{xi) + • • • + a„(p"-^(a;i)) = 
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= ai(f'-^^{xi}Hi2f{^''^^{xi)'yi Hinf"'^ (xi)) = aiXtHi2f{xi}] Hin'fi"'^^ixi) 

for all 1 < i < n. 
(2)=>(1): Since we have 

Vii'iyj)) = viaWj + a2f{yj) + ■■■ + a„v'""^(%)) = 

= awiVj) + 0'2fifiyj)) H + a„(p""^((p(yj)) = ^{'fiiyj}) 

for all 1 < j < d, the implication is proved. □ 

4. 9. Corollary. // R is commutative, j^M is semisimple and (p : M > M is an 

indecomposable nilpotent element of the ring Honii{(M, M), then the following are 
equivalent. 

(1) V G c^- 

(2) We can find elements ai, a2, . . . , a„ in R such that 

aiu + a^ipiu) H h an^p^~^{u) = ip{u) 

for all u G M. In other words tjj is a polynomial of ip. 

Proof. It suffices to prove that if J2 ^Vj = ^ ^-^^d 

i<j<d 

aiVj + a2<fi{yj) H h a„ip'^~'^{yj) = ipiyj) 

holds for all 1 < j < d, then we have 

aiu + a2ip{u) + • • • + a„(p"~"^(M) = 

for all u e M. Since u = biyi + &22/2 + • • • + for some 6i, 62, ■ ■ ■ ,bd € R and 
bjtti = aibj, we obtain that 

V'N = Yl ^Myj) = + a2V(%) + ■ • • + a„v'""^(yj)) = 

l<j<d l<j<d 
\l<i<d / \l<J<d / \l<j<d 

= aiu + a2'p{u) H h a„<p"~^(u).n 



4. 10. Theorem. Let R be a local ring. If (p : M — > M is a nilpotent R- 
endomorphism of the finitely generated semisimple left R-module rM and 
a G HomTj (M,M) is arbitrary, then the following are equivalent. 

(1) c^cc^. 

(2) We can find an R-generating set {yj & M \ 1 < j < d} of rM and 
elements ai, 02, . . . , an in R such that 

aitpiyj) + a2ip{tp{yj)) + ■■■ + a„<^"-^(V'(%)) = cT{i){yj)) 

for all 1 < j < d and all ip G Cp. 
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Proof. 

(1)^(2): Obviously, if C Ca then 

aiVj + a2v{yj) H h an^p^''^ {Vj) = a{yj) 

implies that 

aiipivj) + a2ip{ip{yj)) + ■■■ + a„(^"-^(V'(%)) = (T{ip{yj)) 

for all ■)/' S C^. Theorem 2.1 ensures the existence of a nilpotent Jordan normal 
base {x^f.i | 7 S F, 1 < z < k^} of nM with respect to ip. Consider the natural 
projc!ction es ■ M — > N'^ corresponding to the direct sum M = Ng (B Ng (see the 
proof of 2.3), where 

N^= ® Rxs i and A^^' = © Rx^ j . 

l<i<ks jer\{S},i<i<k^ 

Then es & C^, whence ss S C„ follows for all ^ e F. Thus im{es) = N'g and 

a : im{es) — > iion.{es) 

implies that 

o-{xs,i) = ^ as,iXs,i = hs{t) * xs,i 

\<i<ks 

for some hs{t) = ag^i + 05,2* + • • • + a5,ksi'^^~^ in R[i]- Since ip & implies that 
cr G C(p, it follows that 

<7(*(f)) = ^^i.fi{t) * a^T.i) = * ^(^7,1) = Zl-^^W * {Kit) * a;^,,!) = 

7er 7er 7Gr 

7er 

where f e and H = ^ /i-y(f)E^^^ is a F x F diagonal matrix in M.{^) (note 

7er 

that H eA1($) is a consequence of a($(f)) = $(fH)). In view of Lemma 4.1 and 
4.3, the containment dp C Ca is equivalent to the condition that a o ijj-p = tpp o a 
for all P G 7Vt($). Consequently, we obtain that C,^ C is equivalent to the 
following: 

$(fPH) = a($(fP))) = C7(^p($(f))) = ^p(c7($(f))) = Vp($(fH)) = $(fHP) 

for all f e {R{t]f and P G Al(4>). Thus C implies that $(f (PH-HP)) = 0, 

i.e. that f (PH - HP) e ker($) for ah f and P. 

Now we use that i? is a local ring. If a G F is an index such that 

ka = max{fc-y I 7 G F} = n, 

then Eq ,5 G A4{^) for all ^ G F (see the argument preceding Lemma 4.1). Take 
e = (l)7er and P = Eq, ,5, then the (5-coordinate of 

e(E„,5H - HE„,5) = {hs{t) - /i„(t))eE„,5 

is hs{t) — ha{t). Since 

{hs{t) - /ia(i))eE„,5 G ker($) = ]J J(i?)M + {t"-'), 

7er 

we obtain that hs{t) - Kit) G J{R)[i\ + {t^'). Thus 

(^{X5,l) = hs{t) * xs,i = ha{t) * xs,i 



14 



JENO SZIGETI AND LEON VAN WYK 



for all (5 e r. It follows that 

(7{xj^i) = o-((p'~^(a;^,i)) = (p*"^(cr(x^,i)) = <f'-~'^{ha{t) * Xj^i) = 

= ha{t) * <^'~^(x^,i) = hait) * Xry^i = aix^^i + a2<f{x^,i) H h a„(^"~^(x^,i), 

where ha{t) = ai + 02^ + ■ • • + ant"'~^. 

(2)=^(1): (i? is an arbitrary ring) Since 1m G C^, we obtain that 

aiVj + a2f{y3) H h an'fi"'~^{yj) = (j{yj) 

for all I < j <d. If ?A e C^, then 

V-Co-fe)) = ■'/'(aiyj + a2'/?(2/i) + • • • + an¥'""^(%)) = 

= aii^iVj) + a2f{ip{yj)) H h a„(/3""^(V'(%)) = cr(V'(%)) 

for all 1 < j < d, whence ij) o a = a o ij) follows. Thus C C^.D 

5. THE CENTRALIZER OF AN ARBITRARY LINEAR MAP 

Let r > 1 be an integer such that 

ker((p'') e im{'/') = M 
for the iJ-endomorphism ip eHomi{(M, M) of the left i?-module rM . Since 

: ker(<^'') — > ker((^'') and <^ : im((^'') — »• im((^'"), 
we can take the restricted ii-endomorphisms 

ip\= \ ker(<^'') and ip2 = ^ \ ini(<^'"). 
In the next statement we consider the following ccntralizers 

C Homii(M,M),C^i C Homij(ker((/?''),ker(iyj'')),C^, C -iiom.R{ml{^p'^),im{^p'')). 

5.1. Lemma. If ker(y>'') ® im(y>'') = M holds for eHonifl(M, M), then we have 
an isomorphism 

of Z{R)- algebras. 

Proof. Consider the natural projections 

£1 : M — > ker((^'') and £2 : M — > ini(yi'') 
and the natural injections 

Ti : ker((^'") — > M and T2 : ini((^'") — > M. 
For a G Ctp define an assignment by 

a I — > (ei<TTi,£2crr2) 
and for a pair (ci, 0-2) e C^^ x define an assignment by 

(CTI, (T2) I > naiei + T2(T2£2. 

Since a G C,^ ensures that 

<j(ker((^'')) C ker((p'') and cr(im((p'')) C im((p''), 
it is straightforward to see that the above definitions provide 

C(p ^ ^ ^-nd X C(^2 ^ 
homomorphisms of Z(i?)-algebras which are mutual inverses of each other. □ 
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5. 2. Theorem. Let K he an algebraically closed field and ip : V — > V be a K- 
linear map of the finite dimensional vector space V. If 

{Xi,X2,...,Xp}CK 

is the (p-element) set of all eigenvalues of ^ and 

rui = dim(ker((^ — A^ly)), 

then for each 1 < i < p there exists a K-subalgebra A4i of the full m, x mj matrix 
algebra Mmixmi{K[t]) such that the centralizer is the homomorphic image of 
the direct product K-algebra 

Ml X M2 X • • • X Mp. 

Proof. We apply induction on the dimension of V. 

If dimy = 1, then V = Kx and Honiif(y, = K (as if-algebras) is commuta- 
tive. Now ip = Xlv and dim(ker((/j — Aly)) = 1, where A is the (only) eigenvalue 
of ip. Thus =Rom.K{V,V) ^ Mixi(-fr) and Mixi(ii') is a /C-subalgebra of 
Mixi(ifM). 

Let n > 2 be an integer and assume that our theorem holds for all vector spaces 

over K of dimension less or equal than n — 1. Consider the situation described 
in the theorem with dim V = n. Since K is algebraically closed, we have a (non 
empty) p-element set 

{Ai,A2,...,Ap} Cif 

of eigenvalues of Let 7^ u G F be an eigenvector with p}{u) = Xiu. The Fitting 
lemma ensures the existence of an integer r > 1 such that 

ker((p - Ally)'' im(y> - Ally)'' = V. 

Clearly, 

— Ally : ker((^ — Aily)'' — > ker((p — Aily)*", 
thus the restricted function 

(p\ = {ip- Ally) \ ker((p - Aily)'' 

is a nilpotent if-linear map of the iT-subspace ker((^ — Ally)'' < V. The application 

of Theorem 4.4 provides a X-subalgcbra A/i of the matrix algebra Mjnixmi{K\t\) 
with mi = dim(kcr((/3i)) such that the centralizer 

Cipi C Homx(ker(i^ — Ally)*", ker(i^ - Ally)'') 

is the iC-homomorphic image of the opposite X-algcbra . Using 

ker((/7 — Ally) C ker((^ — Aily)'', 

we obtain that ker((^i) = ker((/7 — Ally). 

Since [p — Aily)(u) = implies that u e kcr(!/7 — Aily)'', we obtain that mi{p — 
Ally)*" is a proper JC-subspace of V, i.e. that im((^ — Aily)'' ^ V and hence 
dim (im((p — Aily)'') < n — 1. 
In view of 

ip — Ally : \m{ip — Ally)*" — > \m{p — Aily)'', 
the application of the induction hypothesis on the restricted /T-linear map 

V2 = (<^ - Ally) \ im{p - Ally)'' 

yields the existence of ii'-subalgebras A/} < M^^. xmj(-f^M)) ^ < j < Q, with 
m'j = dim(ker((^2 - Mjlim(¥>-Aiiv)'-)) 
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such that the centrahzer 

(7^2 C Homi^(im((p - Aily)'', im((^ - Aily)' ) 
is the homomorphic image of the direct product ii'-algebra 

X A/s X • • • X jVg. 

Note that 

{/X2,/U3,...,/ig} C K 

is the set of all eigenvalues of ip2 ■ Now 

ker((/92-Mjlim(¥,-Aiiv)'-)=ker((¥^Aily)-/Xjly)nini((^Aily)''Cker(((^(Ai+/Xj)lv) 
implies that 

m'j = dim(ker((^2 - Aijlim(v-Aiiv)'-)) < dim(kcr((</7 - (Ai + Hj)lv)) = mi(^j), 

where Xi+^j = A^q) for some unique 2 < < p. Indeed, each Ai+/Xj-, 2 < j < q, 
is an eigenvalue of (f and Hj = would imply that (y — Aily)(u) = (p2{v) = for 
some V Eim{ip — Aily)'' in contradiction with 

ker((^ - Ally) n im.{(p - Aily)'' Q ker{ip - Aily)'' n im(v? - Aily)'' = {0}. 

Thus C(^i X is the homomorphic image of the direct product ii'-algebra 

A/'°P X A/'2 X • • • X Mq 

and m'j < mi(^j) allows us to view the iiT-subalgebra J\fj of xm^ as a 

JT-subalgebra of Mmnjs^xmnj-^{K[t]). Using Proposition 5.1, we deduce that the 
ccntralizcr C^-\^\y = is the homomorphic image of the following direct product 
of iC- algebras 

M.\ X Ml X • • • X Mp, 
where Mx=Ml^, Mt^) = Mj for 2 < j < g and Mi = {0} if 
iG{l,2,...,p}\{i(2),i(3),...,i(g)}. 

Since K[t\ is commutative, the transpose involution ensures that M°^^^jj^_^(K[t\) = 
Mmixmi{K[t\) as if -algebras. Thus the opposite if- algebra A/'^'' also can be con- 
sidered as a iV'-subalgebra of Mmi_xmi{K[t]) consisting of the transposed matrices: 

5. 3. Corollary. Let K he an algebraically closed field and y : V — > V be a K- 

linear map of the finite dimensional vector space V. If 

{Ai,A2,...,Ap} C K 

is the (p-element) set of all eigenvalues of ip and 

m = max{dim(ker((^ — Aily)) \ I < i < p} 

then the centrahzer satisfies the polynomial identities of the full mx m matrix 
algebra Mmxm{K[t]). 

Proof. Since mi = dim(ker((p— Ajly)) < to, the TOjXmi matrix algebra MTOjXmi(if[i]) 
satisfies the polynomial identities of the mxm matrix algebra Mmxm{K[t]). Thus 

each Mi satisfies the polynomial identities of the mxm matrix algebra Mmxm{K[t]), 
whence we obtain that the same holds for any homomorphic image of their direct 
pro duct. □ 
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Remark. If A is an n x n matrix over an algebraically closed field K with eigen- 
values Ai, A2, . . . , Ap, then dim(ker(yl — Xil)) is the number of blocks in the Jordan 
normal form of A containing Aj in the diagonal. Since Hom^(V^, V) = Mnxn{K), 
Corollary 5.3 says that from a PI point of view the centralizer Ca ^ Mnxn{K) of A 
behaves like a matrix ring (over the polynomial ring K[t\) of size much smaller than 
n. If the characteristic polynomial of A coincides with the minimal polynomial, then 
rrij = dim(ker(A— Aj/)) = 1 for each 1 <i <p. Thus m = max{mj | 1 < i < p} = 1 
and Corollary 5.3 gives the commutativity of Ca- For such A we have 

Ca = {f{A) I f{t) G K[t]}, 

whence the commutativity of Ca also follows (more details in Section 1). 
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